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ABSTRACT 

The derivation of the conformal anomaly for dilaton coupled electromag- 
netic field in curved space is presented. The models of this sort naturally 
appear in stringy gravity or after spherical reduction of multidimensional 
Einstein-Maxwell theory. It is shown that unlike the case of minimal vector 
in curved space or dilaton coupled scalar the anomaly induced effective action 
cannot be derived. The reason is the same why anomaly induced effective 
action cannot be constructed for interacting theories (like QED) in curved 
space. 
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1. Introduction. In the study of string theory the lower energy 4D string 
effective action maybe presented as following 



S = J d'x^g [R + 4(V0) 2 + F%\ e- 2 * (1) 

where (f> is dilaton, = V fl A u — 'V u A fl , A^ is electromagnetic field. Investi- 
gating of string gravity (0) the quantum effects of electromagnetic field with 
the lagrangian: 

L = (2) 

maybe dominant in some regions, especially if we consider generalization of 
above model with N vectors and apply large N expansion. From another 
point if we start from usual Einstein-Maxwell gravity in D- dimensions, we 
can do spherical reduction to the space i? 4 x S^-i where i? 4 is an arbitrary 
4D curved space. Then the reduced action becomes again of the form (j^) 
(maybe with change of some terms and some coefficients) where the radius 
of Sd-4 plays the role of dilatonic function. 

Hence, the study of dilaton coupled electromagnetic field with the La- 
grangian ([!]) which describes conformally invariant theory maybe of interest 
in different respects. In the present letter we calculate the conformal anomaly 
for dilaton coupled vector (fj) and discuss the problems which appear in the 
attempt to define the correspondent anomaly induced action. Note that re- 
cently trace anomaly and anomaly induced action for dilaton coupled matter 
in two dimensions has been discussed in RefsJPJI, HI, M and [ffl. 



2. One-loop effective action and conformal anomaly for dilaton cou- 
pled electromagnetic field. The study of conformal anomaly ||, and its 
applications attracts a lot of attention (for a recent review, see |§). Among 
the most well-known applications one can list particle creation and Hawk- 
ing radiation, the construction of non-singular Universe with back-reaction 
of quantum matter, anti-evaporation of black holes, etc. The conformal 
anomaly for electromagnetic field has been found in refs.[[7], ||. Our pur- 
pose in this section will be the calculation of conformal anomaly for dilaton 
coupled vector (or electromagnetic) field. 

The initial Lagrangian of the theory has the following form; 

L = ~\m)F, v F^ (3) 
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where is quantum vector field. We consider quantum theory with action 
(§) in an external classical gravitational field. Note that electromagnetic 
field is non-minimally coupled with the external classical dilaton function 
f(<f>) where <p is dilaton. 

One can show that four dimensional theory with the Lagrangian @ is 
conformally invariant. Adding to the Lagrangian (^) gauge-fixing Lagrangian 



one can easily obtain 



Here 



L gf = -\fmVvA»)\ (4) 



L + L gf = \f{<j>)A a H«A» . (5) 



h: = a?n-JC + 2[/£] M V M> 
K}" = ^WW)-f(vj) + W7)}. (6) 

Integrating over quantum vectors and taking into account the ghost contri- 
bution which is the same as in theory with / = 1, one can get the one- loop 
effective action (its divergent part): 



r (l) = r W + r W ^ = _^ Tr ln fya + lTl ^ n (?) 



Here second term is ghost contribution. In the dimensional regularization, 
one obtains 

r« = ^— / d'xV^h (8) 

[n — A) J 

where 64 is ^-coefficient of Schwinger-De Witt expansion. Note that 
Tr In /(</>) does not give the contribution to T^ 1 ' in frames of dimensional 
regularization. For general algorithm of the calculation (P) one can consult 
[|]. According to this algorithm, — |Tr InH^ can be calculated as 



(9) 
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where trace is taken over vector space, i.e., tr 1 = 4. For the operator H® we 
get 

,R 

'" " v 6 

1 



P, c . 
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S a /3 = 



6 2/ ' ' 2/ 2 

['S , /iv]a/9 



K(V M /)(V^) + (V a /)(V,/)] , 



p 



4/ : 



r{-^(V^/)(V v /) + <UV /3 /)(V / J) 



+^(V Q /)(V,/) - ^(V a /)(V M /) 

+^-(v r /)(vv) - »(v T /)(V7) 

+ 2j[^(V^/) - g aiM {VpV v f) 

+^(V Q V,/) - ^(V a V M /)] . (10) 
Having explicit expressions (|T0|) for the operators S^, P, one can find; 



' -(V,/)(V a /) - T^(V M /)(V^) 



2/2 
5 



12/ 2 



□/)(v„/)(W) 



12 



-trDP 
6 



4/3' 

+^(V,/)(V^/)(V Q /)(V a /) , 



1 



/ 



12 



-^(V Q /)(V Q /) 



-■^R^RT* + ^R^f)(V?f) + J^P(V M /)(W) 
+^(V/)(V7)(V,VJ) + ^(n/)^/)^/) 



-^(V a V,/)(V"V^) - i l 5 (n/)(n/) 

On the same time, for the second (ghost) term in Eq.(|7|), we get: 

S af s = 0, P = |- (12) 
6 

Hence, using Eq.(||) we will find 

r (i) _ 1 / r~Z f -R 2 4- — fi> 2 



i? 2 1 

BR 

36 15 



= WT) I (13) 

As one can see this is standard expression for the ghost contribution to one- 
loop effective action, it does not depend on dilaton. 

The one-loop effective action due to vectors @ may be found as 



r 



(1) 



(47r) 2 (n - 4) 



r ; r ll , 43 9 l , 

/ d A xJ^i Rl vnH + — R* - -R 2 

J v y I 180 90 ^ 9 



30 3 \f , 



12 
1 



-□ 



/ 



3/ 2 
9 



16/ 



(v M /)(v^/)(v Q /)(v a /) + ^L(v^/)(w)(v^v,/) 



12/3 
5 



(V7)(V M /)(n/) - ^(^ P f)(V a v p f) 



6/ 2 



+ 



;□/)(□/) 



12/ 2 

—- J d x^-gb, 



vector 



(14) 



Hence, we found the one-loop effective action due to dilaton coupled vectors. 
The total one- loop effective action Y 1 - 1 ' is given by sum of (|H|) and (|14l). 
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From the expression for one can easily get conformal anomaly: 

T = h = bf ost + bT ctor . (15) 

The first four terms give the well-known conformal anomaly of electromag- 
netic field [0, U . We have to note that using another regularization (like zeta- 
regularization) may slightly alter the coefficients of total derivative terms in 
(|T5"D, like already happened in this case in the absence of dilaton |7|, |8|]. 

For completeness, we write below the trace anomaly for dilaton coupled 
conformal scalar with the Lagrangian; 

L = <pf{cj>) (o -\R\tp. (16) 
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In this case, we get 



rp i f i [(v/)(v/)] 2 i i □ Av/Xv/A 

(4tt) 2 \ 32 /* ^24 { f J 

+^{K^- R l» + nR )} ( 17 ) 

If one considers the system consisting of n dilaton coupled conformal scalars 
and m dilaton coupled vectors then the total conformal anomaly of the system 
is given by: 

T = nT{YI) + mT(15) (18) 

Hence, we found the explicit expression for dilaton coupled vector conformal 
anomaly. It would be of interest to study the structure of this anomaly 



extending results of ref. JT(| . 



3. Anomaly induced effective action. With the help of conformal 
anomaly one can construct the anomaly induced effective action on the same 
way as in ref.[|ll[]. First of all, we will rewrite /-independent terms of con- 



formal anomaly flTa]) in a slightly different form: 

T = - J—{b(F+lnR) + b'G + b"UR + ... (19) 

where b = tL b' = — and in our model b" = —\. Note, however, that in 

10 ' 180 D ' ' 

principle b" corresponds to arbitrary parameter because OR is the variation 
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of local action: y/—gDR = — ^g^j^nr J d 4 x^—gR 2 . Hence, b" may be al- 
ways changed by the addition of finite counterterms to gravitational effective 
action. 

Let the metric has the form 



_ 2a- 
9fJ.u 6 9[iv ■ 

In this case for Ricci tensor and Ricci scalar we get 
R 



(20) 



R 



e- 2a [R - QQa - 6(V M o-)(V / V)] 
[R^v - 2V fl V u a - g^Uo 
+2(V,a)(V, t a) - 2^V r aV r a] 



(21) 



One can write now the conformal anomaly fll5|) , (|19"D in the following form; 

1 6 



T 



^gda 



W[a) 



(22) 



where W[a] is some unknown anomaly induced effective action which should 
be found after integration of Eq.(^). Substituting conformally transformed 
curvature tensors and metric to conformal anomaly, we find 



-gT 



-g 



(An) 2 
1 

~3 



bF + b' [G- -DR ) + 4b' Aa + 



b" + -(b + b') 



a Re 



la 



2(Da) 



f 



(2(V M a)(V^) + Q/) 



2(V /1 <r)V" 7 (2(V)(V7) + □/) +° 7 (2(V^)(V"/) + □/) 



5 

+ 12 



J 

°((V„/)(V"/))-2 
(V,/)(V^/)' 



./ 



P 



□ a) 



■2(Vff)V, 



P 



- R»v - 2V M V,a - g^Ua + 2(V 1/ <t)(V a ,(t) - 2^(V r a)(V T a) 
-_L(VV)(VV) - ^{(V^VV) - 9" T (W)(VJ) 

-r(vM(vj)+r(w)(v T /)}" 
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+ — [2(V M a)(V'7) + □/] X[R- 6Qc7 - 6(V)(V"a)] 



9 r/^, „n2-|2 ■'■ 



4 [(v„/)T + ^(v^/)(vv) (%%f - (v^)(vj) 



-(v^/)M + ^(vv)(v T /) 
1 
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12f 



■(v M /) 2 [2M(V7) + Q/] 



6/ 2 



v Q v^/ - (vj)(v^) - (y a a)(y p f) + ^(vv)(v T /) 



x[V a V/-(V7)(VM - (V°«7)(V"/)+^(VV)(V T /)] 
5 



+ 



12/ : 



:[2(V M a)(V7) + Qf]' 



Here A = □ + 2W v V f ,V v - \BH + |(V^i?)V M . It is also easier to keep 
fourth term in (123!) to be non-transformed. 



Now, using Eq.(21), one can integrate expression (|22]) with conformal 
anomaly (|23D in order to get the explicit effective action W 



W 



b / d^Xy^Fa + b' / d^x-sf^ \ 2a Aa + [G OR) a 



b" + -(b + b') 



1 

12 



d 4 Xy/=§ i2-6D<7-6(V M cr)(VV) 



+ d X\f—g 



1 ,^ 



"3 1 / + 7 (V/ia)(VM(T)Q/ 



+^(V^)(V^)(V,a)(V7) 



+ ll { a ° ((^)(^)) + ^(^)(V,a)(V M /)(V' 



/) 



._L(v^/)(vv)-^(v^vv)U 



(24) 



+ 



However, several terms in the trace anomaly (|23|) cannot be integrated to 
give the effective action. It is not difficult to write explicitly all such terms 



(23) 
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if it is necessary. 

The reason why we cannot integrate some terms in conformal anomaly 
flip] ) is the same as it was pointed out in the paper by Reigert |TT| for R 2 - 



term. I.e., the functional derivative of y/—gT(x) with respect to a(y) must 
be symmetric in y and x if anomaly induced action would exist. However 
it is not difficult to show that functional derivative of ([15]) is not symmetric 
one for most of terms. Hence we conclude that anomaly induced action does 
not exist for dilaton coupled vector, i.e., already in the free theory. 

On the contrary, anomaly induced action for free fields non-interacting 
with dilaton may be easily constructed. Only afer taking account of quan- 
tum field interaction R 2 term with the coefficient proportional to coupling 
constant appeared. Only after appearence of this term anomaly induced ac- 
tion could not be constructed. However we see for dilaton coupled AD scalar 
anomaly induced action does exist M: 



W 



b J d A x^=§Fa + b' J d^x^g~ |2aAa + (g - -Oft) a 
b" + -(£> + &')) / d 4 xV=f [R - 6D(T - 6(Va)(Va 



J_/,„ 2 
12 



2 




? ^ -j^ J o 

(V/)(V/) 



/ 



2 



TOM (25) 



where 



= 120(4vr) 2 ' = _ 360(4vr) 2 ' 01 = 32(4vr) 2 ' ° 2 = 24(4tt) 2 ' ( } 

One can investigate different cosmological applications of anomaly induced 
effective action fl2"5|), like study of early Universe with back-reaction of dilaton 
coupled scalar matter, constructing of new versions of IR sector of dilatonic 
gravity, etc. 



4. Conclusion We calculated conformal anomaly for dilaton coupled electro- 
magnetic field. It is shown that it is impossible to construct anomaly induced 
effective action in this case. Currently we do not understand the physical 
reason why it is impossible to integrate conformal anomaly. It could be that 
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only in the case of dilaton coupled conformal supermultiplet the dangerous 
terms in (super) conformal anomaly cancel and anomaly induced effective 
action can be constructed. This question deserves futher study. 
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